Abstract: Using the method of modular-invariant differential equations, we classify a family of Rational Conformal Field Theories with two and three characters having no KacMoody algebra. In addition to unitary and non-unitary minimal models, we find "dual" theories whose characters obey bilinear relations with those of the minimal models to give the Moonshine Module. In some ways this relation is analogous to cosets of meromorphic CFT's. The theory dual in this sense to the Ising model has central charge 47 2 and is related to the Baby Monster Module.
Introduction
Conformal field theories in two dimensions [1] have a chiral symmetry algebra involving fields of spin n ≥ 1. The conformal symmetry itself is generated by a spin-2 Virasoro algebra, while other algebras may or may not be present in general. In the holographic perspective [2] the spin-2 Virasoro algebra is the asymptotic symmetry of a spin-2 gauge theory, i.e. gravity, in the bulk. Likewise, a chiral algebra of spin-N tells us that the bulk theory has spin-N gauge fields. For N = 1 this is the case of (Abelian or non-Abelian) gauge symmetry in the bulk.
In this paper we will focus our attention on rational conformal field theories (RCFT's) in 2d, for which the total number of characters is finite. We will study the characters of these theories, defined as:
where q = e 2πiτ and τ is the coordinate on the moduli space of the torus. The trace is taken over the Hilbert space H i of chiral states above the ith primary state. The characters are typically in correspondence with primary fields (upto degeneracies) of the full chiral algebra of the theory. Within RCFT's, the presence of spin-1 algebras is particularly interesting as they give rise to affine theories (WZW models, in Lagrangian language) based on a Kac-Moody current algebra. These in turn generate a vast set of 2d CFT's via the famous coset construction [3, 4] . Conversely one may ask for RCFT's that have no spin-1 chiral algebra. It is known [5] that the only case where one can have a finite number of primaries without any other algebra beyond the Virasoro algebra, is when the central charge c of this algebra is less than 1. The resulting models, called minimal models, are exactly solvable by virtue of having null vectors in the Virasoro module. They also have physical relevance, with the unitary series being related to RSOS models at criticality [6] and the c = − 22 5 non-unitary model being related to the Lee-Yang edge singularity. The weaker condition that only a spin-1 algebra is absent (while arbitrary algebras of spin N ≥ 2 are allowed) has not, to our knowledge, been classified. One interesting RCFT with this property is the "Moonshine Module CFT", which has a single character and is extremely interesting from the point of view of the mathematics of sporadic discrete groups [7] . Below we investigate possible solutions to the requirement of no Kac-Moody algebra for theories with a small number (but greater than 1) of characters. We will find new theories that bear an intriguing relationship with the Moonshine CFT.
One way to discover new RCFT's is to look for solutions to modular-invariant differential equations for their characters [8] [9] [10] [11] [12] . In this approach one fixes a priori the number of characters of the desired theory, as well as an integer parameter ℓ describing the number of zeroes in moduli space of the Wronskian of the characters, and then writes down a general modular-invariant differential equation. For small ℓ, this turns out to have a small number of arbitrary parameters. One then searches for those values of the parameters for which the solutions have a q-series expansion with non-negative integral coefficients. If this is verified to a sufficiently high order in the expansion then one has a candidate RCFT. With the available information, it is often possible to directly identify it as a WZW theory or coset theory [11, 13, 14] , thereby proving its existence as a CFT, and to reconstruct its fusion rules and primary correlators [12] .
How is the absence of a spin-1 current algebra reflected in CFT characters? Among all the characters there is a unique one called the identity character. In unitary RCFT's this is the one with the most singular behaviour as q → 0, though it can be more tricky to identify in non-unitary theories. Its leading behaviour is q +1 . This is the number of states created from the ground state of the theory by acting on it with a mode of index −1 of one of the symmetry generators. If K(z) is a generic spin-N field in the chiral algebra then the modes are given by K(z) = n∈Z Z K n z −n−N . From considerations of non-singularity at the origin, it follows that:
We see in particular that K −1 |0 = 0 for all generators of spin N ≥ 2. Therefore the only way to have terms of order q
+1 in the identity character is to have currents J a n , and these terms must then have a 1 − 1 correspondence with the states J a −1 |0 . Indeed, this approach was used in Refs. [11] [12] [13] [14] to determine the dimension of the current algebra given the degeneracy of the first excited state in the identity character. It follows that if there are no spin-1 currents in the theory then the coefficient of q
+1 in the identity character must be zero. If we parametrise the identity character as:
then this tells us that m 1 = 0. There is another way to have spin-1 currents, even if the identity character has m 1 = 0. Normally, characters are defined such that all states of integer dimension are included in the identity character. However it may happen that a theory has states of integer dimension but they are counted as descendants of some other primary (not the identity). Then they will appear in a distinct character built above a primary of integer dimension. If this primary has dimension 1 then it is a Kac-Moody current. Thus even with m 1 = 0 in the identity character, we have to ensure the absence of any dimension-1 primary in the theory by looking at the remaining characters.
To summarise, in order to discover potentially new RCFT's that do not have a KacMoody algebra, we have to look for consistent sets of characters transforming into each other under modular transformations and having the property that the identity character has m 1 = 0, and we also have to ensure there is no spin-1 primary in the theory.
Suppose first that the theory has a single character and a central charge of the form c = 24k where k is an integer. Then of course the only requirement to have no Kac-Moody algebra is m 1 = 0. This can be explicitly solved as follows. The character must be a degreek polynomial in the Klein j-invariant. The q-expansion of j is j(q) = q −1 + 744 + O(q). We will find it more convenient to work with J(q) = j(q) − 744 = q −1 + O(q). Clearly a polynomial in j is also a polynomial of the same degree in J. Now let us write:
In order for the identity field to be non-degenerate we must have a k = 1, and for the coefficient of q − c 24 +1 = q −k+1 to vanish we require a k−1 = 0. These two conditions give us an infinite set of potential characters for one-character theories without Kac-Moody symmetry. The simplest theory in this class has χ(q) = J(q) and c = 24, and corresponds to the famous Moonshine Module. In this example the CFT associated to this character is known to exist and has been constructed, but this is not yet the case for arbitrary characters of the above form. In general, we must think of the above conditions as necessary but not sufficient for the existence of CFT's without Kac-Moody symmetry.
Another interesting class of examples is provided by the c < 1 minimal models. These are labelled by two integers (p, p ′ ). Their central charge and primary conformal dimensions are as follows:
The unitary case corresponds to p ′ = p + 1 and in this case the characters are given by [1] :
where
Using Eq. (1.5), the expression for the character becomes:
Evaluating the low-lying terms in the identity character, it is easy to verify explicitly that the first term above the ground state is absent. Indeed minimal models not only have no Kac-Moody symmetry, they have no other symmetry algebra besides the Virasoro algebra. For non-unitary minimal models the character formula above needs some modification, but the same conclusions hold.
We would now like to search for other RCFT's, besides those in the above examples, that have no Kac-Moody symmetries. For this we will use the method of modular-invariant differential equations, applied to RCFT's with small numbers of characters. We will rediscover the relevant minimal models, and also "dual" theories whose characters obey bilinear relations with those of the minimal models to give the character of the Moonshine CFT. We try to analyse what lessons can be learned from the existence of the latter types of characters. One of them, dual to the Ising model, has c = 47 2 and has been previously studied by Höhn [15] .
Modular-invariant differential equations
The characters of an RCFT arise as the independent solutions of a degree-p modularinvariant differential equation in τ . Such an equation must be of the form [8] [9] [10] [11] [12] :
where D is a covariant derivative to be defined below, and φ k (τ ) is a modular function of weight 2(p − k) under SL(2,Z). The characters transform into each other under SL(2,Z) but they have zero weight. The derivative D acting on them successively increases the weight by 2. It follows that every term in the above equation has modular weight 2p, and the equation is therefore modular invariant. The covariant derivative is given by:
where r is the modular weight of the object on which it acts, and E 2 (τ ) is a special Eisenstein series that transforms inhomogeneously under SL(2,Z) and thereby provides a suitable connection. In general φ k need not be holomorphic, indeed they can be meromorphic even though the resulting characters are holomorphic. In fact the poles of φ k are related to the zeroes of the Wronskian of the independent solutions χ 0 , χ 1 , · · · χ p−1 of the differential equation by the following relation:
where the Wronskian determinants W k are defined in Refs. [10] [11] [12] . In searching for new RCFT's one therefore starts by choosing the number of characters p as well as the number of zeroes of W , which is of the form ℓ 6 where ℓ is a non-negative integer other than 1 (fractional zeroes are allowed due to the orbifold singularities of the torus moduli space).
The central charge and conformal dimensions of any RCFT satisfy the relation [11] :
It is tedious but straightforward to verify that all the c < 1 minimal models, unitary or otherwise, have ℓ = 0. The same is true of SO(N) and SU(N) WZW models, but there are also many known CFT's with ℓ ≥ 2, some of which appear in known discrete series and others are constructed in Refs. [13, 14, 16] . We now use this approach of modular-invariant differential equations to investigate the existence of CFT characters without Kac-Moody symmetries for small values of ℓ.
3 Theories without Kac-Moody symmetries
Two-character theories
Let us start by fixing the number ℓ of zeroes of the Wronskian to be 0. The modularinvariant differential equation is simplest in this case, because the coefficient functions φ k (τ ) are holomorphic everywhere in the interior of moduli space and therefore must be polynomials in the two Eisenstein series E 4 and E 6 (for definitions, see the Appendix).
The most general homogeneous, modular invariant, second order differential equation is:
D is the covariant derivative scaled for future convenience. Here φ k are holomorphic and φ 1 , φ 0 have modular weight 2, 4 respectively. It follows that φ 1 = 0 and φ 0 is proportional to E 4 . Thus we have the differential equation:
with µ a free parameter. In terms of ordinary derivatives this differential equation can be written as:
∂. In Ref. [11] , this equation was solved by substituting the mode expansions of the characters, χ = ∞ n=0 a n q α+n , and the Eisenstein series E a (τ ) = ∞ k=0 E a,k q k . The result is the following set of equations. First of all, if α is either of the two exponents then
Next, denoting the two roots of this equation by α 0 , α 1 (where α 0 is the exponent corresponding to the identity character and α 1 corresponds to the non-trivial primary), we have:
Note that α 0 = − c 24 and therefore our parametrisation of the identity character is:
Going to next order in the series solution, and using the above results, we eventually get [11] :
To find theories without Kac-Moody symmetries we set m 1 = 0 in the above equation and solve for α 0 . This directly gives α 0 = . This is a well-known minimal model corresponding to (p, p ′ ) = (2, 5). There are no more solutions to m 1 = 0 at ℓ = 0, beyond the trivial case α 0 = 0 corresponding to c = 0.
Next we look at the ℓ = 2 two-character theories, exhaustively studied in Ref. [13] (for earlier work on these theories see Ref. [16] ). In this case we will find something interesting. The value of m 1 for these theories is given by Eq.(5.26) of that reference in terms of another integerÑ . Putting m 1 = 0 one findsÑ = 144, and indeed this value appeared in the list Eq.(5.27) of Ref. [13] . However this was then ruled out in that paper because the degeneracy at the second level above the identity turned out to be a negative integer. Computing the degeneracies of the identity character to very high powers in q, we find that except for the ground state, they are all negative integers. This makes it difficult to propose a physical meaning for this theory. However, it is still remarkable (and not the result of any prediction, since we do not know a candidate CFT for this case) that the degeneracies for the identity character are integral to very high orders in q and we expect this property persists to all orders. The central charge of this would-be theory is found by setting m 1 = 0 in Eq(5.22) of Ref. [13] , from which one finds c = 142 5 . Using the fact that ℓ = 2 one easily finds that the nontrivial primary of this theory has conformal dimension 9 5 . Next the characters for this primary can be computed, upto normalisation, to any desired order in q following the method of Ref. [13] and one finds that to very high orders the degeneracies are positive rational numbers with a denominator that appears to be bounded. Thus for this character a suitable degeneracy factor for the ground state would render it consistent.
These empirical facts lead to an intriguing observation. The above "characters" bear a close relation to those of the non-unitary c = − 22 5 minimal model via a bilinear relation, analogous to the one recently found in Ref. [14] . Let us exhibit the precise relationship. Denote the familiar c = − . Putting all this together we find that c +c = 24 and h +h = 2. This is precisely the relation between a specific affine theory and the coset of a meromorphic c = 24 CFT by that affine theory, proposed in Ref. [14] and justified with numerous examples. However, there is an important difference. In the case of Ref. [14] , one really had a coset construction. The numerator theories were meromorphic c = 24 CFT's having a Kac-Moody symmetry (not affine theories, but rather modular-invariant combinations of characters of a subset of the integrable primaries). The denominators were affine theories having a Kac-Moody algebra that is a direct summand of the one in the numerator. The Kac-Moody algebras play a crucial role in enabling a definition of these generalised cosets, as explained in detail in Ref. [14] . But in the present case there are no currents and therefore no coset construction.
However, in analogy with Eq.(2.7) of Ref. [14] we can still look for a bilinear relation between the characters χ i ,χ i described above and some single-character CFT. What theory should appear on the RHS of such a bilinear relation? It has to be a meromorphic c = 24 CFT and must therefore appear in the list of Ref. [17] . Since the pair of theories on the LHS have no Kac-Moody symmetry, the same property must hold for the RHS. There is a unique meromorphic CFT with this property, namely the famous Moonshine CFT whose character is J(q) = j(q) − 744. Thus we are motivated to suggest a bilinear holomorphic relation as follows:
with p = 2, the characters on the LHS being those of M 2,5 andM 2,5 . This is a precise, testable formula and can only hold if all the (infinitely many) coefficients in the q-series match on both sides. We know χ i , the characters of M 2,5 , and we can also use the modular differential equation to compute the charactersχ i of the hypothetical theorỹ M 2,5 as explained above. Therefore we can check whether χ i (q),χ i (q) obey Eq. (3.8) to any desired order in q.
At leading order the relationship holds due to the matching of exponents discussed above. Once we go beyond that, there is a subtlety: so far, we do not know the degeneracy of the nontrivial primary whose character isχ 1 . Let us assume all the characters under discussion are normalised so that the first term in unity. Let the degeneracy of the ground state be labelled by D 0 , D 1 for the characters of M 2,5 andD 0 ,D 1 for those ofM 2, 5 . Also let us use ψ i andψ i to denote characters normalised so that the first term in the expansion is unity. We then have:
One always has D 0 =D 0 = 1 from non-degeneracy of the identity. Therefore in a general situation, the bilinear of interest is:
The expansion of ψ i is: 2 but we will revert to the simpler notation whenever there is no scope for confusion. A similar expansion holds forψ. Now from the above relations between the central charges and conformal dimensions of the paired theories, we have:
It follows that upto O(q), Eq. (3.9) is equal to:
As promised, in the last line we have dropped the superscripts on m i ,m i because only those corresponding to the identity appear to this order. Now in the present case, m 1 =m 1 = 0 and also D 1 = 1 because minimal models have non-degenerate primaries. Recall that: . But now all quantities on the LHS are known, as we can compute the power series for χ i ,χ i to any desired order in q and we have determined all the normalisations. We can then test Eq. (3.8) order-by-order and we find that all the way to O(q 1000 ) it works perfectly.
To summarise, we have conjectured a bilinear relation between two pairs of characters (one corresponding to a known non-unitary CFT and the other to a more exotic system with negative but integer degeneracies) to the Moonshine CFT, and verified this conjecture to O(q 1000 ). The significance of this construction is that it points the way to similar relations for unitary theories, where no negative degeneracies are present. Such relations cannot be sought within two-character theories because we do not know of any two-character unitary RCFT without a Kac-Moody algebra. However such theories do exist with p ≥ 3 characters, where an infinite family is provided by the unitary minimal models, starting with the well-known Ising model. Hence we now turn our attention to the case p = 3. We will repeat the procedures described above and find very analogous results.
Note that, independent of the bilinear relation, we have successfully classified all possible two-character RCFT's with ℓ = 0, 2, 3 having no Kac-Moody algebra. For ℓ = 0 this is the Yang-Lee theory, for ℓ = 2 this is the exotic dual discussed above and for ℓ = 3 there are no candidates as shown in Ref. [13] .
Three-character theories
The case of three-character theories, even with ℓ = 0, is not completely classified despite non-trivial progress in Ref. [12, 14] . It is known that infinitely many such theories exist, in sharp contrast to the case of two-character theories with ℓ = 0. However the best-known infinite series corresponds to the SO(N) k WZW models, which are not of interest to us here. We shall now re-open the investigation into three-character theories with ℓ = 0, but focusing specifically on solutions without Kac-Moody symmetry.
The modular invariant differential equation in this case is [12] :
In terms of ordinary derivatives the above equation becomes:
As explained in Ref. [13] , one can use Ramanujan identities to make differential equations linear in the Eisenstein series. Accordingly, we apply the following identity to Eq. (3.16):
as a result of which the equation becomes:
Upon substituting the mode expansions we get the recursion relation:
For n = 0 and n = 1, we get the following polynomial equations in α:
From these equations we immediately see that:
Using Eqs.(3.20), (3.22) and (3.21) and substituting for the Fourier coefficients of the Eisenstein series (see the Appendix) we get:
, j = i Since α 0 and α 1 are rational linear combinations of the central charge and conformal dimensions of one of the primaries (both of which are rational), we conclude that they themselves are rational numbers. It follows that the discriminant in Eq. (3.24) is the square of some rational number p. Solving this equation for α 1 we get:
The rationality of α 1 forces 320 − p 2 to be of the form √ 31 q, where q is some rational number. Squaring both sides of this equation gives us the following Diophantine equation:
This equation describes an ellipse. Thus, we see that rational points (p, q) on this ellipse correspond to possible candidate α's describing 3-character theories with ℓ = 0 and without a Kac-Moody algebra. Of course these candidates, if found, would only have passed a lowlevel test and we would then have to determine their characters and check integrality of their coefficients to high orders before having any confidence that they exist as CFT's. This check is straightforward to perform because for ℓ = 0 and three characters, the exponents completely specify the differential equations and thereby the characters. We already know one solution to the above requirements that is definitely a CFT, namely the Ising model. This has c = . It is easy to verify that the characters of this theory have ℓ = 0, which as we already pointed out is the case for all minimal models. And it has m (0) 1 = 0, because minimal models have no Kac-Moody symmetry. We will find it useful to start by describing the Ising model as a rational point of the ellipse of Eq. (3.26). Indeed using Eqs.(3.25) and (3.26) we easily find that it represents the point (p 0 , q 0 ) = ( 37 4 , 11 4 ) on this ellipse. Using this as a "base point" we will search for other rational points on the ellipse. Let us consider a line with variable slope passing through the point (p 0 , q 0 ) and look for rational points where it intersects the ellipse. A line through (p 0 , q 0 ) can be parametrised as follows:
where γ is a real parameter. Given that (p 0 , q 0 ) are rational, (p, q) will also be rational if t, γt are rational. This means that γ in particular must be rational. Now substituting the above in Eq. (3.26) permits us to solve for t in terms of p 0 , q 0 and γ. Putting this back in the above, we get (after excluding t = 0):
Thus we have solved the initial problem, that of finding all rational points on the ellipse. There is one such point for every rational γ. Next we use the recursive solution to find the second-level degeneracy in terms of the exponents α i :
Using Eqs.(3.25) and (3.24) we can express the exponents α i in terms of p, q:
Substituting the values of this in Eq. (3.29), we obtain m 2 (as usual, this quantity without a superscript refers to the identity character) as a rational function of γ:
Our strategy is now to consider all rational points on the ellipse, i.e. all rational numbers γ, and ask which ones specify a non-negative integer m 2 via Eq. (3.31). If they give fractional or negative m 2 , they can be eliminated. This procedure will rule out all but a small number of cases. Accordingly, we searched for all rational solutions to Eq. (3.31) for values of m 2 ranging from 1 to 2000,000. Solutions are quite sparse, with only nine possible values of m 2 in the range 1 to 100,000 and not a single one after that. We suspect (but cannot rigorously prove) that these are all the solutions.
We found six rational values of γ for m 2 = 1, and two for each of the other allowed values of m 2 . Once we have the values of γ that solve Eq. (3.31), we use equations Eq. (3.28) and Eq. Table 1 .
We now try to understand whether these candidates really exist as characters, and if so, to what CFT's they are associated. First of all given the exponents α i in Table 1 we check the absence of any spin-1 primary (recall that the primary dimension is h i = α i − α 0 , i = 1, 2). This rules out lines 5 and 6 of the table. Next using these exponents we can evaluate the corresponding character as a q-series using the modular-invariant differential equation. Thereby we check to very high orders that m
n are non-negative integers. We also verify that m (i) n for the other two characters is a non-negative rational number. We reject candidates that do not satisfy these consistency conditions. Using these criteria and carrying out this analysis on each line of Table 1 , we find that the entries for m Examining the exponents for these cases, we easily see that the cases in lines 1 − 4 of the table correspond to known CFT's. The first three are, respectively, the minimal models for (p, p ′ ) = (2, 5), (2, 7) and (3, 4) while the fourth one is the tensor product of two copies of the (2, 5) minimal model. Notice that case 1 is really a 2-character theory that has appeared as the solution of a 3-character differential equation (this means it has a spurious "third character" with which the first two do not mix under modular transformations, much as for the E 8 case discussed in Ref. [11] ). This was already discussed as a 2-character theory in the previous section and we therefore ignore it in the present discussion. The others are all genuine 3-character theories. One of them, with c = 1 2 , is the famous Ising model. Since these theories exist and satisfy all the criteria for which we have been searching, it is of course reassuring to find them. But the important question is whether there are any more. Remarkably it turns out that there are precisely three more theories in our list that are not minimal models. Moreover, they precisely satisfy the bilinear "dual" relation to the 3-character minimal models given in Eq. (3.8) with p = 3.
To see the relations between the new and old cases, let us compare lines 2 and 8 of Table 1 . Note first that the central charges add up to 24. Next, each of the conformal dimensions h 1 = α 1 − α 0 and h 2 = α 2 − α 0 for these two lines adds up to 2. These are precisely the properties of the bilinear relation (and also of the novel coset construction of Ref. [14] to which it is analogous). The same properties hold when we compare lines 3 and 11 of the table, and lines 4 and 10. Thus we have found three more pairs of theories that may potentially satisfy a bilinear relation giving the Moonshine CFT.
Again the proposed relations can be verified to high orders in q. We simply compute the characters of the potentially related pairs in Table 1 using the differential equations approach, multiply them pairwise, add them up and compare with J(q) to each order. As before, this verification involves an ambiguity in the normalisations of the non-identity characters, since these are not determined by the differential equation. Compared with the 2-character case in the previous section, here we are studying 3-character theories so there are two undetermined primary degeneraciesD 1 ,D 2 . These are determined by imposing the bilinear identity to the first two nontrivial orders in q. Thereafter we check whether the identity continues to hold up to O(q 1000 ). We find that each pair passes this test perfectly. One caveat is that we again encounter negative degeneracies when the original theory is non-unitary, so in these cases the duals are "exotic" so it may or may not be possible to make sense of them as some kind of CFT's. For the dual to M 2,7 , denotedM 2,7 , we have the exponents: and the degeneracies are (D 1 ,D 2 ) = (615164, −508400). Notice that unlike the twocharacter case in the previous section, here all the degeneracies of the associated character are negative (equivalently, all are positive after extracting the overall negative degeneracy of the ground state). Thus it may be possible to make sense of these as theories with a fermion number 1 . This time we also have a unitary case, the Ising model, for which everything works perfectly. The "dual" theory with which it obeys a bilinear identity has c = 47 2 and the degeneracies all turn out to be non-negative integers. Again we have determined the degeneracies and verified that the bilinear identity holds to high orders in q. For this case the exponents are: 
2 is the degeneracy of the second excited state in the identity character, γ is the rational number in Eq. (3.27) and D 1 , D 2 are the ground-state degeneracies of the non-trivial primaries.
Again it is worth pointing out that, independent of the bilinear relation, we have successfully classified all possible three-character RCFT's with ℓ = 0 having no Kac-Moody algebra. There are precisely three such theories, one of them a normal CFT (which we discuss in the following section) and the other two "exotic" in the sense of having negative, but integer, degeneracies.
Relation to the Baby Monster
Clearly it is important to understand the "new" theories, namely entries 2, 4, 6 of Table 2 . We note that these candidates have large values of m 2 . They also have large degeneracies for the non-identity primary. Since two of them are exotic (and therefore may or may not exist as CFT's) we will focus on the sole unitary candidate, the one related to the Ising model. One of its fascinating features is that the number 96256 occurs twice: once as the degeneracy of the second excited state in the identity character (m 2 ) and once as the degeneracy of one of the nontrivial primaries. The number 4371 is the dimension of the other primary. Both these numbers are related to the Baby Monster, the second largest sporadic group.
Indeed, there is a Baby Monster Vertex Operator Algebra V IB ♮ [15] with central charge case, although the duals for non-unitary minimal models have negative integer degeneracies. Each model and its dual satisfies a bilinear pairing identity equating it to the Moonshine Module. This pairing is reminiscent of that recently found in Ref. [14] between an affine theory and the coset of a meromorphic theory by that affine theory, although affine Lie algebras play no role in the present case -by construction. It would be interesting to know if more such pairs of theories exist. This structure is interesting from the mathematical point of view as well, since the unitary case we discovered in our approach is a known theory related to the Baby Monster module, and our pairing decomposes representations of the Monster into the Baby Monster.
